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1. A servo-system is considered which is described by a linear differ-
ential equation Ln(y) =- f(t) of order n. In regard to the given external
force f(t) it is assumed only that it belongs to the class F of p-times
differentiable functions such that |f(p)(t)| < MP' The restriction of
boundedness in modulus may also be imposed on other derivatives of f(t)
and on the function f(t) itself.

As an indicator of the quality of the servo we shall use the modulus
(absolute value) of the difference y(t) — f(t) on the interval [o, T].

Sometimes it 1s possible to measure the values of the first & deriva-
tives of the function f(t).

It is assumed that the high-frequency noises and interferences have
been filtered out when the function f(t) enters the servo-system. In
this case, in order to improve the quality of work of the servo, one can
feed into the system, together with f(t), also a linear combination

ca@®f @ Fe@f O+ ...+ ¢ (Of0 (1)

where the c;(t) belong to the class of Ai-functions. The classes of A4.-
functions are determined by technical considerations.

Thus, the described system has the form

L) = agy'™ + aiy™™V + ey =10 +

a @ f W Fea@®f @+ D@ (1.1)
f) e F, sed, i=1,...,k, te [0, T] (1.2)
O =g =. =y =0, fO=f@O=.../"PO =0 (13
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Its solution is

y @O =Y ([ c(n) (1.4)

where ¢(t) is a vector function, with coordinates ¢ (¢), ..., cp(t), and
can be treated as a functional.

Let us now formulate the problem under consideration. It is required
to find such functions c.(¢) (i= 1, ..., k) for which we have

E = min mafoY(t, fre) —f (Bl (1.5)
[ t,]

or

I = min r}lax Y AT, f, o) — f (1) ] (1.6)

Here t, c(t), and f(t) are chosen from (1.2); one deals here with
absolute maxima and minima. In general I is less than E. Therefore, it
is sometimes necessary to create a system which realizes (1.6) and not
(1.5). We note that the measuring of the derivative functions of f(t) in-
volves technical difficulties, and these difficulties increase with the
order of the derivatives. It is, therefore, desirable to obtain accept-
able values of E or I with the aid of the smallest possible number of
derivatives of f(t). This can be accomplished to a certain extent through
the enlargement of the classes Ai within, of course, certain technlcal
limitations,

Similar problems arise in the creation of systems which are invariant
relative to disturbances on a finite time interval, or at a fixed instant
of time.

In the next sections we shall consider the problems stated above,
together with certain other ones for the classes Ai and F.

2. In this section we shall assume that
G =c¢, lgl<my G=1..,8, [fPOI<M, tel0,T} 1)

Taking into account the first egquation of (1.3), we can express the
solution of Equation (1.1) in the form
t k
vy =Y (o= %K =9 (1 @+ o (@ )dr (2.2)
il

()
From the second group of equations in (1.3) we obtain

£ () zg 12 () (Zp-:ui)f_‘l)‘!‘ de (i=0,1,...,0, l=min(k p—1) 2.3)
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Substituting (2.3) into (2.2), and changing the limits of integration
in the repeated integrals obtained, we find

! k
v =70 = \[Ktt—0+ Y ek =9 |17

0 i=1
Here

!
o K —w@—1P! (t — 1)t
Ko (t = dy — M"Y
06— X p— D Sy

t .
o K@ —u(u—1)P !
S e

du (t=1,..., 0

If k= p, then Kp(t —7) = K(t —r), Since f(p)(f) satisfies (2.1) we
have [ 1 ]
f k
Ale, ) = max | Yt fy o) —f ()| =M, S' Ko(t— 1) + D) ¢K;(t—1)|dv  (2.4)

i

0 i1

It follows from this that A(c, t2) > Ae, ty) when t, > t;, and hence

T k
A% (0) = max A (e, ) = Mp\ ‘Ko (P —0+ Y ok @ —v|de
M il
Thus, E = I in the given case, and in order to find the ¢;, ..., cp

for which E is realized, one must minimize the expression

T i T
S K@=+ ok (T —9|dv= S lo (1) | dt
0 il ‘ 0

The quantity E can be attained either at interior points of the k-
dimensional parallelepiped V in the space with coordinates Clr ey €
determined by the relations (2.1), or at points belonging to its bound-
ary. A necessary condition for the existence of a minimum inside the
reglon V is given by the equations

04 _aAar _ _aar 8

601 062 o Aﬁk—

o
(1}
=

One can show that

L3
K; (T'—7) sign [Ko T —0+ D k(T —1 } v (2.6)
i=1

aA*
=M
de; P

Sr_ Dy
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Thus, in order that (1.5) may be realized at an interior point
c(cyj, ..., ¢p) of the parallelepiped V, it is necessary that the follow-
ing equations in the unknowns cl, vees Cp be satisfied:

T )
QK (T-r)mgn[Ko(T—tH—E oK ; (T—t)] T=0 (=1,...,8 @7
5 i=1

If the point ¢ is located on the boundary V; of the parallelepiped
V where the coordinates with the indices i1s eoes id take on their limit-
ing values, then one has to cross out in the system (2.7) the equations
with the corresponding indices, and in the remaining equations one must
write in place of cil, cens Cid their values on this boundary. The con-
dition (1.5) may be attained on any one of the vertices of V. Since in
the problem under consideration k cannot be large, the computation of 2k
values of A*(¢) can be performed with the aid of a digital computing
machine.

3. Let us consider the equation

Ly =f@O+c@f@ |7/@0I<M, [c(@]<m 3.1)

It is required to find c¢(t) such that (1.6) may be realized. Repre-
senting the solution of Equation (3.1) in integral form, and making a
few transformations similar to those performed in Section 2, we obtain

T
Y (T, f,¢) — f(T)= X-{KO (I -0 +c) K (I —v]f (1) dt

0

A’o(T—r): KT —1)dt — 1

Aoy

From this it follows immediately
r
A () = max{Y (T, f,e) — f(T), = Ml\ Ko (T — 1)+ c(D) K (T — 1) idr
! 5
It is obvious that for the minimizing of A(e¢) it is necessary and
sufficient to minimize the value of the integrand function for any value
of 7 from [0, T]. Hence, the c¢(t) for which I is realized must have the
form

Ku( —T) T—T)

S Ry
¢ (@ K(T=1) 17\' (I'—1) S
- . Ko (T — 1) I Ko(T — 1)
¢ (1) == ”m“_TT7T mrk7?7ﬂ>m
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If the first inequality is satisfied for every r € [0, T], then
I=0, i.e. for all f(t) satisfying (3.1), the difference Y(T, f, ¢) —
f(Ty = 0 at the instant of time T.

4. Let
i
Le=7w+ 2 0@, oI, (4.1)
i=1
¢ () =cywhen 1 [t 6,0, G =0,...,0, to=0,4 =T el <ny(h2)

It is required to find ci(t) for which I is realized. We shall show
that this problem can be reduced to the one considered in Section 2.
Making use of (4.1) and (4.2), one can obtain

!

roo ];rl
VAT 1o = (D =2\ K@ =i+
j=0 'If
n ‘ ) _ T—=9" ) gy e b
;%%fuq.m:jff<ﬂ”

We note that

T
\ K (T — ) {9 () dv = \ Ky f7 () du,  (i=1,..., D, {=min(k p—|
[ o

Here
L1 .
Ky (w) = \ KT ‘(;T) (;7:13‘)'})—1_1 dr whenu [0, ¢)]
2]' N
SRS T it
A R : (T(;i)i('c_j)uv) dv when u € (¢, 154, )
u

Kij (uy=0Owhenu Et 4y 7]
Let us set

Ko (u)=

T
'\' KT —1)(t—uP! dr— A — w)P—1
. rp—H! (p— D!
and if 2 = p, then

]\’pj (u) = K (T — w) whenu & [tj, i)

K,; (W) =0 whenu =10, T]\[tj, tj+1]
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Then
T r
Y (T, f,0) — f (T) = \[Kum+‘9§i%mﬂw]ﬂﬂmdu
by 1=1 j=0 -
’ T E r
A@=max|Y (T, 1) — (M=, 0| Kotw) + 3N ek, () fdu
f 0! i=1 j=0

The problem is thus reduced to the one treated in Section 2, In the
analyses of servo-systems there frequently arises the case when k=p=1.
In this case

roti
<mmy¥2 Um)uzﬂh2§X§KMm+qﬂﬂT_wwu

j=0 j=0

A (e} = AI;

D & 4]

t
Here the ¢, must be chosen so as to minimize
J
Ly
\ 1Ko () 4+ ¢ ;K (T — )| du
J u

t

If the interval [ ¢, tj+_1 1 is such that in it Ko(u) and K(T - u)
are monotone, then this problem can be solved quite simply.

5. The actual evaluation of the derivatives of the function f(t) is
connected with considerable difficulties. Usually, when the differentia-
tion is performed with the aid of electric systems, the output is a

function w»(t) satisfying the equation
dm
Ty 5 +m~— dt (.1
For smell values of the constant time T, 1t is assumed that a(#) =
f'{t). From (5.1) it follows that
t
nMU:%uU—ﬂf@Mr G.2)
o

In place of f°{(t) we obtain Expression (5.2) for the problem con-
sidered in Section 4. We have the equation

H
L@=fm+cwyw~ﬂwnm
4]
Thus

rotin T
YT, i) —f (@)= S {K(T—~r)[;@y+cjguu—uﬁxwd{]-f(n}dr

J=0 t o
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Interchanging the limits of integration of the repeated integrals, we
obtain

i T T
& K(T —1) gp, (v — ) f (u) dudt= \ K () f () du
4]

t; 0

Here

tim

K (w) = g K (T —1)p(t—u)dv when u e [0, ;]
{;
L
K; ()= & K@ —1)p(t—uwdtwhenu & [t ;]
u
KJ. (u) = 0 when w (L T]

Therefore

T r
AQ = max | Y (1 £, 9 — ()] = M [Ko @) + 3 ok @) | du
0

j=0

T
Ko (u) = SK(T——u)du—l

From this it follows that one can state the problem on the minimiza-
tion of | ¥(T, f, ¢) — f(D| also with the aid of signals which reproduce
the derivatives of f(T) only approximately.

6. Let us consider the following problem. It is required to find a
function c(t) for which I is realized in the case that

Lp=c@®f@, le@|<M [f@OI<m, 1€10,T]

Just as in the preceding sections, we write

T T
Y (T, f,0) — f(T) | = ‘S [Kl(r)—ﬂf’(r)drl, Kl(r):chr—u)c(u)dw

Therefore T

I=minA (0 = minm\ | Ky (1) — 1]de
c [
0

We note that K1(1) = 0 for any bounded function c(u). From the form
of the function K,(r) it follows at once that if min A(c) is to be
attained, then it is necessary and sufficient that |K,(r) — 1| be as
small as possible for any arbitrary value of r from[ 0, T]. Hence, I
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will be realized for the following function:

co(uw) = M sign K(T— u) when uc[¢t;, T]: co(u) = 0 when u €[0, ¢4 ],
where to is the root nearest to T of the equation for r
T
MOIE@ —wide=1

)

T

We have considered above problems for the most simple, but also more
important classes A; and F. The problems on the determination of (1.5)
for the problems of Sections 3 and 6 are more difficult. We call attention
to the fact that no algorithm has been given for the solution of the
system (2.7) even though the solution is relatively simple in many special
cases.

7. As an example let us consider the equation
y+y=F
As is known, for this equation K(T-r) = sin (T —-7r).
1. Let
FOy=f@+cf@® 1O <m

In this case

T
A(c,:):mjax'xY(T,f,c)—f(Tn:ml\' { — cos (T — 1) + csin (' — %) | dt
0

A (e, ) = \ sin (T — 7) sign (-~ cos (T — 1) + ¢sin (T — 1)) dv

e ]

Let T=n/2. It is not difficult to show that A" (¢, #/2) = 0 only when
¢ =1/ 3/3, end that A(c, #/2) has a minimum at this point

E::I::ml

l—cos(_;i —~1:)+ «Yg‘i sin (g_ -r)dr=0.73m1

S 00 ]

If one does not introduce a signal proportional to F (t), i.e. if
¢ =0, then
/9

y(%)—f(%)’::ml S[cosr}d-r:ml

]

max
f

2. Let

Fiy=7@+<@f®



1432 L.S. Gnoenskii

where

c(@)=c1 for t=[0,t], ¢ =cg for te (b1, T] A<

From the relations obtained in Section 4, it follows that
1y
A (e, t)“:—ml[gl—cos(T—r)—}—c1sin(T——t)1’dr+
0

~

femeos (' — 1) +cosin (T — ©) |dv = Ay (1, T) + Az (co, T)

1

s
~

Let t; = #/4, T=w/2. In order to find ¢; and ¢, for which I is
realized, we set the derivatives of the functions Al(clﬂ/Z) and A2(02ﬂ/2)
equal to zero. It is not difficult to show that

Ay <(~1, _f_)‘_>= 0 for ¢ = 0.377, Ay (02, %): 0 for cs = 1.64

These are the only extremal values of these functions. At them I is
realized, and I = 0.49 m.

Note 7.1. We call attention to the fact that all the above-considered
methods for finding I apply also to the case when L(y) has variable co-
efficients.

Note 7.2. The results obtained can be generalized to the case when
L(y) is a linear difference operator. This can be done with a trans-
formation given in[2].
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